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Summary. Noncommutative generalizations of Yang-Mills theories using Seiberg- 
Witten map are in general not unique. We study these ambiguities and see that 
50(10) GUT, at first order in the noncommutativity parameter 6, is unique and 
therefore is a truly unified theory, while SU(5) is not. We then present the non- 
commutative Standard Model compatible with 50(10) GUT. We next study the 
reality, hermiticity and C, P, T properties of the Seiberg-Witten map and of these 
noncommutative actions at all orders in 6. This allows to compare the Standard 
Model discussed in [5] with the present GUT inspired one. 

1 Introduction 

There are different examples of noncommutative theories, we here concentrate 
on the case where noncommutativity is described by a constant parameter 
9^ v . The commutation relations among the coordinates read [x M * x v \ = 
x^-kx v — x v -kx^- — i0^ p ', where the star product between functions /, g is given 

by / * g — f e% e 9 *' 9 " g . We do not claim that spacetime has exactly this 
noncommutativity, rather we are interested in investigating a mathematically 
sound gauge theory based on this easiest noncommutative structure. General 
aspects of this noncommutative theory will then probably be in common with 
more refined choices of 9. In particular the choice 9^ v = constant breakes 
the Lorentz group in a spontaneous way; in a bigger theory we would like to 
consider 9^ v (or the related B field) dynamical and not frozen to a constant 
value, thus recovering Lorentz covariance. One can also consider gauge theories 
with 9 nondynamical but frozen to a particular nonconstant value, linear in 
the coordinates, such that one has a (kappa) deformed Poincare symmetry, 
see [1]. 

Using Seiberg-Witten map [2], that relates commutative gauge fields to 
noncommutative ones in such a way that commutative gauge transformations 
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are mapped in NC gauge transformations, one can construct NC gauge the- 
ories with arbirary gauge groups [3, 4]. These theories are invariant under 
both commutative and noncommutative gauge transformations. Along these 
lines noncommutative generalizations of the standard model and GUT the- 
ories have been studied [5, 6]. The SW map and the * product allow us to 
expand these noncommutative actions order by order in 9 and to express them 
in terms of ordinary commutative fields so that one can then study the physics 
properties of these ^-expanded commutative actions, see for ex. [7]. 

It turns out that given a commutative YM theory, SW map and commuta- 
tive/noncommutative gauge invariance are in general not enough in order to 
single out a unique noncommutative generalization of the original YM theory. 
One can follow different criteria in order to select a specific noncommutative 
generalization. We here focus on a classical analysis, in particular impos- 
ing the constraint that the noncommutative generalization of the Standard 
Model should be compatible with noncommutative GUT theories. Another is- 
sue would be to single out a noncommutative SM or GUT that is well behaved 
at the quantum level. We refer to the problems relative to renormalization, 
see for ex. [8]. On the other hand chiral gauge anomalies are absent in these 
models [9]. 

In this talk, following [6], we present a general study of the ambiguities 
that appear when constructing NCYM theories. We then see that at first order 
in 9 there is no ambiguity in 50(10) NCYM theory. In particular no triple 
gauge bosons coupling of the kind 9FFF is present. We further study the 
noncommutative SM compatible with 50(10). 

We next study the reality, hermiticity, charge conjugation, parity and time 
reversal properties of the SW map and of ^-expanded NCYM theories. This 
constraints the possible freedom in the choice of a "good" SW map. In [10] 
the O, P, T properties of NCQED were studied assuming the usual C\ P and 
T transformations also for noncommutative fields. We here show that the 
usual O, P, T transformation on commutative spinors and nonabelian gauge 
potentials imply, via SW map, the same O, P, T transformations for the non- 
commutative spinors and gauge potentials. We also see that CPT is always a 
symmetry of noncommutative actions. In [11] CPT is studied more axiomat- 
ically. 

The reality property of the SW map is then used to analyze the difference 
between the SM in [5] and the GUT inspired SM proposed here. It is a basic 
one, and can be studied also in a QED model. While in [5] , and in general in 
the literature, left and right handed components of a noncommutative spinor 
field are built with the same SW map, we here use and advocate a different 
choice: if noncommutative left handed fcrmions are built with the +9 SW map 
then their right handed companions should be built with the —9 SW map; 
this implies that both noncommutative tpL and ip c L = —ia 2 "4>r* are built with 
the +9 SW map. In other words, with this choice, noncommutativity does not 
distinguish between a left handed fermion and a left handed antifermion, but 



NCGUTs, NCSM and C,P,T 



3 



does distinguish between fermions with different chirality. This appears to be 
the only choice compatible with GUT theories. 

2 Seiberg-Witten map and NC particle models 

Consider an ordinary "commutative" YM action with gauge group G, and 
one fermion multiplet, J d 4 x =1? Tr(F liV F> iV ) + WipW . This action is gauge 
invariant under Sty = ip^(A)ty where pqr is the representation of G determined 
by W. Following [4] the noncommutative generalization of this action is given 
by 

S = J d4x ^2 Tr ^ * (1) 

where the noncommutative field strength F is defined by F^ v — d^ A l/ —d v A^ — 
ia[Ap, A v ) . The covariant derivative is given by 

D li $ = d lt $-ip 9 (A li )*$. (2) 

The action (1) is invariant under the noncommutative gauge transformations 

6$ = i(he(A)*§ , 5 An = d^A + ia[A, A^] . (3) 

The fields A, \P and A are functions of the commutative fields A, <F, A and 
the noncommutativity parameter 6 via the SW map [2] . At first order in 6 we 
have 

MA 1 6]=A i + U^{A Vl dM + U^{F^A v } + 0{e 2 ) (4) 

A[A, A,0] = A+ \e^{d^A, A,} + 0(6 2 ) (5) 

*[$,A,0\ =V + U^p*(A v )d^+ l -6^[p*(An) 1 p*{A u )]* + 0{9 2 ) (6) 

In terms of the commutative fields the action (1) is also invariant under the 
ordinary gauge transformation SA^ = d^A + i[A, A^], S<F = ip^(A)^. 

In (1) the information on the gauge group G is through the dependence 
of the noncommutative fields on the commutative ones. The commutative 
gauge potential A and gauge parameter A are valued in the G Lie algebra, 
A = A a T a , A = A a T a ; and from (4), (5) it follows that A and A are valued in 
the universal enveloping algebra of the G Lie algebra. However, due to the SW 
map, the degrees of freedom of A are the same as that of A. Similarly to A, 
also F is valued in the universal enveloping algebra of G. Now expression (1) is 
ambiguous because in TriF^-kF^) we have not specified the representation 
p(T a ). We can render explicit the ambiguity in (1) by writing 
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±Tr(F„ v * F^) = c P Tr(p(F^) * p(F^)) (7) 
9 p 

where the sum is extended over all unitary irreducible and inequivalent rep- 
resentations p of G. The real coefficients c p parametrize the ambiguity in (7). 
They are constrained by requiring that in the commutative limit, 9 — ► 0, (7) 
becomes the correctly normalized commutative gauge kinetic term. 

The ambiguity (7) in the action (1) can also be studied by expanding (7) 
in terms of the commutative fields A, F. At first order in 9 we have 

^ 1 f dlmG 

C / j4 \ " pa rpa [iv 

Ogauge — . 2 / " ^ ^ 

y J o=i 

+ (J2^pDf c ) ^ I d±x -Fl v F h pa F^° F« p FlF c ^ (8) 

where 

l -Df c ee Tr(p(T a ){p(T b ), p(T c )}) = A(p)Tr(t a {t b , t c }) = ^A(p)d abc . (9) 

Here t a denotes the fundamental representation, and we are using that the 
completely symmetric D a p hc tensor in the representation p is proportional to 
the d abc one defined by the fundamental representation. In particular for all 
simple Lie groups, except SU(N) with N > 3, we have D abc = for any 
representation p. Thus from (8) we see that at first order in 9 the ambiguity 
(7) is present just for SU (N) Lie groups. 

Among the possible representations that one can choose in (7) there are 
two natural ones. The fermion representation and the adjoint representation. 
The adjoint representation is particularly appealing if we just have a pure 
gauge action, then, since only the structure constants appear in the commu- 
tative gauge kinetic term ^ a F^ v F a ^ v , a possible choice is indeed to consider 
only the adjoint representation. This is a minimal choice in the sense that in 
this case only structure constants enter (7). (It can be shown [6] that in this 
case the gauge action is even in 9). If we also have matter fields then from 
(2) we see that we must consider the particle representation py given by the 
multiplet IP (and inherited by 'P). In (7) one could then make the minimal 
choice of selecting just the p<p representation. 

Along the lines of the above NCYM theories framework we now exam- 
ine the S'O(IO), the SU(5) and the Standard Model noncommutative gauge 
theories. 

Noncommutative SO(10) We consider only one fermion generation: the 
16-dimensional spinor representation of 5*0(10) usually denoted 16+ (no rel- 
evant new effects appear considering all three families). We write the left 
handed multiplet as 
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*t = («', d % , -uf , df ,v,e~,e+, -v c ) L (10) 

where i is the SU(3) color index and v° L = —i<T 2 vr* is the charge conjugate 
of the neutrino particle vr (not present in the Standard Model). The gauge 
and fermion sector of noncommutative S'O(IO) is then simply obtained by 
replacing <P with ^ in (1). Notice that no linear term in 8, i.e. no cubic term 
in F can appear. This is so because 5*0(10) is anomaly free: D a p hc = forall 
p. In other words, at first order in 6, noncommutative S*O(10) gauge theory 
is unique. 

Noncommutative SU(5) The fermionic sector of SU(5) has the ip c L mul- 
tiplct that transforms in the 5 of SU (5) and the \l multiplct that transforms 
according to the 10 of SU(5). In this case we expect that the adjoint, the 
5 and the 10 representations enter in (7). In principle one can consider the 
coefficients ^ c w , i.e. while the (iP c 'l,Xl) fermion rep. is 5 © 10, in (7) 
the weights c p of the 5 and the 10 can possibly be not the same. It turns 
out that only if eg- ^ cio then J2 P c pDp bc ^ in (8). We see that, already 
at first order in the noncommutativity parameter 9, noncommutative SU (5) 
gauge theory is not uniquely determined by the gauge coupling constant g, 
but also by the value of ^2 p c p Dp bc . Thus SU(5) is not a truly unified theory 
in a noncommutative setting. It is tempting to set eg- = Cio so that exactly 
the fermion representation 5 © 10 enters (8). We then have J2 P c pDp bc = 0, 
(however this relation is not protected by symmetries). 

(GUT inspired) Noncommutative Standard Model One proceeds sim- 
ilarly for the SM gauge group. The full ambiguity of the gauge kinetic term 
is given in [6] . About the fermion kinetic term, the fermion vector <£^, is con- 
structed from \P L = (w 4 , d l , —uf , df , v, e~ , e + ) L . The covariant derivative is 
as in (2), with V -> W L and with A p = A^T A , where {T A } = {Y, T£, T l s } are 
the generators of U(l) ® SU(2) Cg) SU(3). The fermion kinetic term is then as 
in (1). This Standard Model is built using only left handed fermions and an- 
tifermions. We call it GUT inspired because its noncommutative structure can 
be embedded in 5*0(10) GUT. Indeed and ^ differ just by the extra neu- 
trino v c L — —ia 2 vr* ; moreover under an infinitesimal gauge transformation 
A, all fermions in )Pl transform with A on the left. This GUT inspired Stan- 
dard Model differs from the one considered in [5] ; indeed here we started from 
the chiral vector while there the vector — (u l L , d\ , u l R d l R , vl, , e^) 
is considered. In the commutative case J WIpW = J iPlP&l but in the non- 
commutative case (see later) this is no more true: J \P' * jpip' ^ J ^ L ★ ]p \p L • 

if we change 9 into —9 in the right handed sector of J W , then the two 

expressions coincide. 

Finally it is a natural choice to consider in the SM gauge kinetic term only 
the adjoint rep. and the fermion rep., we then have that at first order in 9 
there are no modifications to the SM gauge kinetic term. This is so because the 
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fermion rep. is anomaly free: D AAA — and because for U{1) the adjoint 
rep. is trivial. 

Higgs Sectors While the noncommutative Higgs kinetic and potential terms 
are given by 

(D^ * + p 2 ^ * 4> - A 4> t * 4> * £t * , (11) 

a noncommutative version of the SM and GUT Yukawa terms is not straigh- 
forward and requires the introduction of the hybrid Seiberg-Witten maps 
on fermions. A typical noncommutative Yukawa term then reads 

4>^*Ll *ejj+ herm. conj. (12) 

where L L = ( £ L ) . Under an infinitesimal U(1)®SU(2)®SU(3) gauge trans- 

formation A, L L transforms as SL L = ip c f ) (A) * L L — iL L * p e * R (A). We 

see that in the hybrid SW map A appears both on the left and on the right 
of the fermions, moreover the representation of A is inherited from the Higgs 

and fermions that sandwich L L . The Yukawa term (12) is thus invariant un- 
der noncommutative gauge transformations. Of course in the 8^0 limit we 
recover the usual gauge transformation for the leptons. An explicit formula 
for the hybrid SW map at first order in 6 is in [5, 6]. The Yukawa terms (12) 
differ from those studied in [5]. There the hybrid SW map is considered on 

<f>, in particular there <f> is not invariant under SU(3) gauge transformations 
(and this implies that in [5] gluons couple directly to the Higgs field). 

The Higgs sector in the SO(10) and SU(5) models can be constructed 
with similar techniques [6]. 



3 Hermiticity and reality properties of SW map 

From (4) we see that if A is hcrmitian then A is also hcrmitian. Actually, to 
all orders in 0, A and A can be chosen hermitian if A and A arc hcrmitian. 
Otherwise stated, SW map can be chosen to be compatible with hermitian 
conjugation. Compatibility of SW map with complex conjugation reads, 

<f*=§* (13) 

where \P — SW[!^, p& (A), 6] denotes the SW map of <P constructed with the 
representation pq, of the potential A, and the SW map of the complex conju- 
gate spinor <F* is defined by 



&* = SW[&*,pv.(A),-0\ 



(14) 
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where is the representation conjugate to p^ 1 . Notice that in (14) the 
noncommutativity parameter 9 appears with opposite sign w.r.t. the 9 in the 

SW map of Similarly to (13) we have p#*{A) = —p#(A) and p#,(A) = 

-p#{A) where p#*(A) = A[p#, (A), -6] and p#*(A) = A[p#* (A), p#* (A), -6]. 
The proof of (13) relies on showing that the SW differential equations [2] 
(obtained by requiring that gauge equivalence classes of the gauge theory 
with noncommutativity 9 + 59, correspond to gauge equivalence classes of 
the gauge theory with noncommutativity 9) are themselves compatible with 
complex conjugation [6]. One proceeds similarly for the case of hermitian 
conjugation. 

Noncommutativity and chirality We can now discuss a further ambiguity 
of noncommutative gauge theories, and resolve it by requiring compatibility 
with grand unified theories. For simplicity we consider noncommutative QED. 
Let tjj be a 4-component Dirac spinor, and decompose it into its Weil spinors 
tpL and ipR. Their charge conjugate spinors are — V'l = — ^^j? and 
~ ^ C r ~ iv^L- Consider the noncommutative left-handed spinor = 
SW[V>l, p$ L {A), 9] , we then have the ±9 choice 



for the right handed one. In the literature the choice +9 is usually considered 
so that for the 4-component Dirac spinor ip we can write ip = SW[tp, A, 9], 



f R = SW[iP R ,p^ R (A),-9] iJj l c = SW[4> L c \p A c(A),+9] (16) 



so that with the —9 choice in (15), both left handed fermions ip^, ip^ are 

associated with 9 while the right handed ones ipR, ip£ are associated with 
— 9. In GUT theories we have multiplcts of definite chirality and therefore 
this is the natural choice to consider in this setting. 

These observations allow us to compare QED + with QED_, the two dif- 
ferent QED theories obtained with the two different ±9 choices (15). This 
difference immediately extends to the fermion kinetic terms of nonabelian 
gauge theories and allows us to compare the NCSM discussed in [5] with the 
present GUT compatible one. We have (up to gauge kinetic terms) 



^b = SW[^, Wb (A),±^ 



(15) 



8ip = iA-kip. We here advocate the opposite choice (—9) in (15). Indeed from 
(13) we have that ip£ = — i&2 *Pr and therefore 




1 Given the group element g = e %A = e lA T we have py*(g) = pt(g) and, since 
A a , A a are real, we have p#*(A) = —p#(A) , p#*(A) = —p^(A) . 



8 Paolo Aschieri 



where the GUT inspired QED_ is obtained using the left handed spinor ( ^c) 

so that ipc — SWfV'f 7 , p^,c (A), 8]. Now from ip^ = —ia^^R and from a 

matrix algebra we have J ip^ * ilp V> £ c = j ipR *° p ilp ipR , where we have 
emphasized that we are using the —8 convention in the SW map by writing 
instead of ~ . We conclude that in order to obtain QED_ from QED + we 
just need to change 8 into —8 in the right handed fermion sector of QED + . 



4 C,P,T properties of SW map and of NCYM actions 

Using compatibility of SW map with complex conjugation and the tensorial 
properties of SW map (i.e. that SW map preserves the space-time index) 
one can study the properties of SW map with respect to the C, P and T 
operations. In particular these same expressions as in the commutative case 
holds: 

^l T = -ioxo&L , $r T = -iaia 3 $R , A J = (A , -AA (17) 
&L =i(?2&L , *R =-iG2&R , =(-A ,AA (18) 

where the action of the P and C operators on spinors is given by 

F L P = SW[V L p ,Pv L (A p ),9 p ,d p ,i] , &° = SW[V L c ,(p* L (A)) c ,9 c ,d,i] ' 

- — - T 

while the time inversion is given by \Pl = SW^ 7 , p^, t(A t ), 8 T , d T , — i] . 
In these expressions we have written explicitly the dependence on the partial 
derivatives, and the imaginary unit i in the last slot marks that the coefficients 
in the SW map are in general complex coefficients. The — i in the last expres- 
sion means that we are considering the complex conjugates of the coefficients 
in the SW map, this is so because T is antilinear and multiplicative. Relations 
(17) and (18) hold provided that 0» v transforms under C, P, T as a U(l) field 
strenght If we choose +8 in (15) then parity and charge conjugation 

sepatately assume the same expression as in the commutative case. 

Now we discuss the transformations properties of NCYM actions under 
C\ P and T. With the +8 choice (15) we have that NCYM actions are invariant 
under C, P and T iff in the commutative limit they are invariant. On the other 
hand, with the —8 choice NCYM actions are invariant under CP and T iff in 
the commutative limit they are invariant. For the fermion kinetic term these 

statements are a straighforward consequence of J \&l * $®l = J&l ■ Since 
F transforms like F under CP and T, and in the +8 case also under C and 
P separately, the C, P,T properties of the gauge kinetic term J Tr(F * F) = 
J Tr(FF) easily follow. Inspection of the fermion gauge bosons interaction 
term leads also to the same conclusion. 
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We have studied the C, P and T symmetry properties of NCYM actions 
where 9 transforms under C, P and T as a field strenght. Viceversa, if we keep 
9 fixed under C, P and T transformations, we in general have that NCYM 
theories break C, P and T symmetries. 

Finally a U(l) field strenght is invariant under the combined CPT trans- 
formation, and therefore 9 does not change. This implies that CPT is always 
a symmetry of NCYM actions. 
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